We give in this note an overview of a recent work [2] leading to a generalization of the Hodge-Tate spectral sequence to morphisms. The latter takes place in Faltings topos, but its construction requires the introduction of a relative variant of this topos which is the main novelty of our work.
Introduction
1.1. Let K be a complete discrete valuation field of characteristic 0, with algebraically closed residue field of characteristic p > 0, O K the valuation ring of K, K an algebraic closure of K, O K the integral closure of O K in K. We denote by G K the Galois group of K over K, by O C the p-adic completion of O K , by m C the maximal ideal of O C and by C its field of fractions. We set S = Spec(O K ) and S = Spec(O K ) and we denote by s (resp. η, resp. η) the closed point of S (resp. generic point of S, resp. generic point of S). For any integer n ≥ 0, we set S n = Spec(O K /p n O K ). For any S-scheme X, we set (1.1.1) X = X × S S and X n = X × S S n .
The following statement, called the Hodge-Tate decomposition, was conjectured by Tate ([15] Remark page 180) and proved independently by Faltings [8, 9] and Tsuji [16, 17] . Theorem 1.2. For any proper and smooth η-scheme X and any integer n ≥ 0, there exists a canonical functorial G K -equivariant decomposition
The Hodge-Tate decomposition is equivalent to the existence of a canonical functorial G Kequivariant spectral sequence, the Hodge-Tate spectral sequence,
2.1. Let X = Spec(R) be an affine smooth 1 S-scheme such that X s is not empty, y a geometric point of X η . We set Γ = π 1 (X η , y) and ∆ = π 1 (X η , y) and we denote by (V i ) i∈I the universal cover of X η at y, or what amounts to the same, of its irreducible component containing y ( [3] VI.9.7.3). For each i ∈ I, let X i = Spec(R i ) be the normalization of X = X × S S in V i .
The O K -algebras (R i ) i∈I form naturally an inductive system. We denote by R its inductive limit, 1 We treat in [2] schemes with toric singularities using logarithmic geometry, but for simplicity, we consider in this overview only the smooth case. and by R its p-adic completion, that we equip with the natural actions of Γ. The Γ-representation R is an analogue of the G K -representation O C .
Given a proper smooth morphism g : X ′ → X, by analogy with the Hodge-Tate spectral sequence (1.2.2), one can wonder if there exists a canonical Γ-equivariant spectral sequence
We cannot answer this question, but we can construct such a spectral sequence after localizing X at a geometric point of its special fiber.
2.2. Let X be a smooth 1 S-scheme, x a geometric point of X above s, X the strict localisation of X at x. Let y x a specialization map, that is an X-morphism u : y → X. The latter induces an X η -morphism y → X η . We set Γ = π 1 (X η , y) and let V x be the category of x-pointed étale X-schemes which are affine. For each object U of V x , we denote by R U the O K -algebra defined as in (2.1.2) for the S-scheme U and the geometric point y → U η induced by the canonical morphism X → U . The O K -algebras (R U ) U∈V x form naturally an inductive system. We denote by R its inductive limit,
and by R its p-adic completion, that we equip with the natural actions of Γ.
Theorem 2.3 ([2] 6.7.19). The assumptions are those of 2.2, moreover, let g : X ′ → X be a smooth projective morphism, X ′ = X ′ × X X. Then, there exists a canonical Γ-equivariant spectral sequence
It follows from Faltings' almost purity theorem that the cohomology group H 0 (Γ, R ⊗ Zp Q p (1)) vanishes. Hence, the spectral sequence (2.3.1) degenerates at E 2 . However, the cohomology group H 1 (Γ, R ⊗ Zp Q p (1)) does not vanish in general. In fact, Hyodo proved already in [10] that the abutment filtration does not split in general for abelian schemes.
The spectral sequence (2.3.1) can be globalized over a natural topos whose points are parametrized by specialization maps y x, from a geometric point y of X η to a geometric point x of X, namely Faltings topos. The latter is at the heart of the Hodge-Tate spectral sequence, even in the absolute case. It has been widely studied in ([3] VI). We briefly review it in the next section. 3. The global version of the relative Hodge-Tate spectral sequence 3.1. Let X be a smooth S-scheme 1 . We denote by E be the category of morphisms V → U above the canonical morphism X η → X, that is, commutative diagrams
such that U is étale over X and the canonical morphism V → U η is finite étale. It is useful to consider the category E as fibered by the functor
over the étale site of X. The fiber of π above an object U ofÉt /X is canonically equivalent to the categoryÉt f/Uη of finite étale morphisms over U η . We equip it with the étale topology and denote by U η,fét the associated topos. If U η is connected and if y is a geometric point of U η , then the topos U η,fét is equivalent to the classifying topos of the profinite group π 1 (U η , y), i.e., the category of discrete sets equipped with a continuous left action of π 1 (U η , y).
We equip E with the covanishing topology ([3] VI.1.10), that is the topology generated by
The resulting site is called Faltings site of X. We denote by E and call Faltings topos of X the topos of sheaves of sets on E. It is an analogue of the covanishing topos Xé t
To give a sheaf F on E amounts to give:
(i) for any object U ofÉt /X , a sheaf F U of U η,fét , namely the restriction of F to the fiber of π above U ; (ii) for any morphism f :
These data should satisfy a cocycle condition for the composition of morphisms and a gluing condition for coverings ofÉt /X ([3] VI.5.10). Such a sheaf will be denoted by {U → F U }.
There are three canonical morphisms of topos
where the exponent a means the associated sheaf. The morphisms σ and β are the analogues of the first and second projections of the covanishing topos This statement is a consequence of the fact that for any geometric point x of X over s, denoting by X the strict localization of X at x, X η is a K(π, 1) scheme ([3] VI.9.21), i.e., if y is a geometric point of X η , for any locally constant constructible torsion abelian sheaf F on X η and any i ≥ 0, we have an isomorphism 
For any object
For any specialization map y x, we have
where V x is the category of x-pointed étale X-schemes U which are affine. Theorem 3.5 ([2] 6.7.5). Let g : X ′ → X be a smooth projective morphism. We denote by
the morphisms induced by g η and ψ (3.1.3), and byZ p the Z p -algebra (Z/p n Z) n≥1 of X ′N • η,ét . Then, we have a canonical spectral sequence ofB Q -modules
The projectivity condition on g is used in 4.4 below. It should be possible to replace it by the properness of g.
The spectral sequence (3.5.2) is called the relative Hodge-Tate spectral sequence. We can easily prove that it is G K -equivariant for the natural G K -equivariant structures on the topos and objects that appear. We deduce the following. 
Faltings' main p-adic comparison theorems
4.1. The assumptions and notation of § 3 are in effect in this section. We denote by O K ♭ the limit of the projective system (O K /pO K ) N whose transition morphisms are the iterates of the absolute Frobenius endomorphism of O K /pO K ;
It is a perfect complete non-discrete valuation ring of height 1 and characteristic p. We fix a sequence (p n ) n≥0 of elements of O K such that p 0 = p and p p n+1 = p n for any n ≥ 0. We denote by ̟ the associated element of O K ♭ and we set ξ = [̟] − p in the ring W(O K ♭ ) of p-typical Witt vectors of O K ♭ . We have a canonical isomorphism Assume that X is proper over S. Let i, n be integers ≥ 0, F a locally constant constructible sheaf of (Z/p n Z)-modules of X η,ét . Then, the kernel and cokernel of the canonical morphism
are annihilated by m C .
We say that morphism (4.2.1) is an almost isomorphism. This is Faltings' main p-adic comparaison theorem from which he derived all comparaison theorems between p-adic étale cohomology and other p-adic cohomologies. It is also the main ingredient in the construction of the absolute Hodge-Tate spectral sequence (1.2.2).
We revisit in [2] Faltings' proof of this important result providing more details. It is based on Artin-Schreier exact sequence for the "perfection" of the ring B 1 = B/pB. One of the main ingredients is a structural statement for almost étale ϕ-modules on O K ♭ verifying certain conditions, including an almost finiteness condition in the sense of Faltings. In our application to the cohomology of Faltings' topos ringed by the "perfection" of B 1 , the proof of this last condition results from the combination of three ingredients:
(i) local calculations of Galois cohomology using Faltings' almost-purity theorem ( [9] , [3] II.8.17); (ii) a fine study of almost finiteness conditions for quasi-coherent sheaves of modules on schemes; (iii) Kiehl's result on the finiteness of cohomology of a proper morphism ([11] 2.9'a) (cf. [1] 1.4.7).
Next, we explain Faltings' construction of the absolute Hodge-Tate spectral sequence (1.2.2).
Assume that X is proper over S. By 3.2, for any i, n ≥ 0, we have a canonical isomorphism
It is not difficult to see that the canonical morphism Z/p n Z → ψ * (Z/p n Z) is an isomorphism. Then, by Faltings' main p-adic comparison theorem 4.2, we have a canonical morphism
which is an almost isomorphism. To compute H i ( E, B n ), we use the Cartan-Leray spectral sequence for the morphism σ : E → Xé t (3.1.3),
We deduce the absolute Hodge-Tate spectral sequence (1.2.2) using the following global analogue of Faltings' computation of Galois cohomology. 
where ξ is the element of W(O K ♭ ) defined in 4.1, whose kernel (resp. cokernel) is annihilated by
We prove this result using Kummer theory over the special fiber of Faltings ringed topos ( E, B).
4.5.
Let g : X ′ → X be a smooth 1 morphism. We associate to X ′ objects similar to those associated to X in § 3 and we equip them with a prime ′ . We have a commutative diagram
where the exponent a means the associated sheaf. We have also a canonical ring homomorphism . Assume that g : X ′ → X is projective. Let i, n be integers ≥ 0, F ′ a locally constant constructible sheaf of (Z/p n Z)-modules of X ′ η,ét . Then, the canonical morphism
is an almost isomorphism.
Observe that the sheaves R i g η * (F ) (i ≥ 0) are locally constant constructible on X η by smooth and proper base change theorems.
Faltings formulated this relative version of his main p-adic comparison theorem in [9] and he very roughly sketched a proof in the appendix. Some arguments have to be modified and the actual proof in [2] requires much more work. It is based on a fine study of the local structure of certain almost-étale ϕ-modules which is interesting in itself ([2] 5.5.20).
The projectivity condition on g is used to prove an almost finiteness result for almost coherent modules. We rely on the finiteness results of [6] instead of those of [11] . It should be possible to replace the projectivity condition on g just by the properness of g. 4.8. We keep the assumptions of 4.6. Let n be an integer ≥ 0. Since the canonical morphism Z/p n Z → ψ ′ * (Z/p n Z) is an isomorphism, in order to construct the relative Hodge-Tate spectral sequence (3.5.2), we are led by 4.6 to compute the cohomology sheaves R q Θ * (B ′ n ) (q ≥ 0). Inspired by the absolute case (4.3) , the problem is then to find a natural factorization of Θ, to which we can apply the Cartan-Leray spectral sequence. Consider the commutative diagram of morphisms of topos
We prove that the fiber product of topos E × Xé t X ′ et is in fact a relative Faltings topos, whose definition was inspired by oriented products of topos, beyond the covanishing topos which inspired our definition of the usual Faltings topos.
Relative Faltings topos
5.1. We keep the assumption and notation of 4.5. We denote by G the category of morphisms (W → U ← V ) above the canonical morphisms X ′ → X ← X η , that is, commutative diagrams
such that W is étale over X ′ , U is étale over X and the canonical morphism V → U η is finite étale. We equip it with the topology generated by coverings
of the following three types :
where U ′ → U is any morphism and the right square is Cartesian.
The resulting site is called Faltings relative site of the morphism g : X ′ → X. We denote by G and call There are two canonical morphisms
where the exponent a means the associated sheaf. They are the analogues of the first and second projections of the oriented product X ′ et ← × Xé t X η,ét . If X ′ = X, G is canonically equivalent to Faltings topos E (3.1). Hence, by functoriality of relative Faltings topos, we have a natural factorization of Θ :
These morphisms fit into the following commutative diagram of morphisms of topos
We prove that the lower left square is Cartesian (4.8).
We have a canonical morphism
To give a point of X ′ et ← × Xé t X η,ét amounts to give a geometric point x ′ of X ′ , a geometric point y of X η and a specialization map y g(x ′ ). We denote (abusively) such a point by (y x ′ ). We prove that the collection of points ̺(y x ′ ) of G is conservative.
Let
x ′ be a geometric point of X ′ , X ′ be the strict localization of X ′ at x ′ and X the strict localization of X at g(x ′ ). We denote by G the relative Faltings topos of the morphism X ′ → X induced by g, by λ : G → X η,fét the canonical morphism (5.1.4) and by Φ : G → G the functoriality morphism. There is a canonical section θ of λ,
We prove that the base change morphism induced by this diagram (5.2.2) λ * → θ * is an isomorphism. We set
If y is a geometric point of X η , we obtain naturally a point (y
Then, for any sheaf F of G, we have a canonical functorial isomorphism
. Under the assumptions of 5.2, for any abelian sheaf F of G and any q ≥ 0, we have a canonical isomorphism
Corollary 5.4 ([2] 6.5.17). Let (y x ′ ) be a point of X ′ et ← × Xé t X η,ét , X ′ the strict localization of X ′ at x ′ , X the strict localization of X at g(x ′ ), g : X ′ → X the morphism induced by g,
the canonical morphism analogue of (5.2.3). Then, for any abelian group F of E ′ and any q ≥ 0, we have a canonical functorial isomorphism
5.5.
We consider the following ring of G,
We have canonical homomorphisms
the canonical projection. Hence, we may consider g and π as morphisms of ringed topos. For any point (y 5.6. Assume that X = Spec(R) and X ′ = Spec(R ′ ) are affine. Let y ′ be a geometric point of X ′ η , ∆ ′ = π 1 (X ′ η , y ′ ), (W j ) j∈J the universal cover of X ′ η at y ′ , y = g η (y ′ ), ∆ = π 1 (X η , y) and (V i ) i∈I the universal cover of X η at y. For every i ∈ I, (V i → X) is naturally an object of E and for every j ∈ J, (W j → X ′ ) is naturally an object of E ′ . We set
We recover the O K -algebras defined in (2.1.2). We equip them with the natural actions of ∆ and ∆ ′ . For every i ∈ I, there exists a canonical X ′ -morphism y ′ → X ′ × X V i . We denote by V ′ i the irreducible component of X ′ × X V i containing y ′ and by Π i the corresponding subgroup of ∆ ′ . Then, (V ′ j → X ′ ) is naturally an object of E ′ . We set We have canonical homomorphisms R → R ! → R ′ .
Theorem 5.10 ([2] 6.5.5). Assume g proper. Then, for any torsion abelian sheaf F of X ′ et and any q ≥ 0, the base change morphism (5.10.1) σ * (R q g * (F )) → R q g * (π * (F ))
is an isomorphism.
The proof is inspired by a base change theorem for oriented products due to Gabber. It reduces to proper base change theorem for étale topos.
Proposition 5.11 ([2] 6.5.29). For any integer n ≥ 0, the canonical homomorphism
! n , where the exterior tensor product of rings is relative to the Cartesian diagram (5.9.2), is an almost isomorphism.
Theorem 5.12 ([2] 6.5.30). Assume that the morphism g is proper. Then, there exists an integer N ≥ 0 such that for any integers n ≥ 1 and q ≥ 0, and any coherent O X ′ n -module F which is X n -flat (1.1.1), the kernel and cokernel of the base change morphism (5.12.1) σ * (R q g * (F )) → R q g * (π * (F )),
where σ * and π * denote the pullbacks in the sense of ringed topos, are annihilated by p N .
Proposition 5.13 ([2] 6.5.31). Let n, q be integers ≥ 0, F a coherent O X ′ n -module which is X nflat (1.1.1). Assume that the morphism g is proper and that for any integer i ≥ 0, the O Xn -module R i g * (F ) is locally free (of finite type). Then, the base change morphism (5.13.1) σ * (R q g * (F )) → R q g * (π * (F )),
where σ * and π * denote the pullbacks in the sense of ringed topos, is an almost isomorphism.
5.14.
Let n, q be integers ≥ 0. Since the canonical morphism Z/p n Z → ψ ′ * (Z/p n Z) is an isomorphism, we deduce from 4.6, for any q ≥ 0, a canonical morphism (5.14.1) ψ * (R q g η * (Z/p n Z)) ⊗ Zp B → R q Θ * (B ′ n ), which is an almost isomorphism. The relative Hodge-Tate spectral sequence (3.5.2) is then deduced from the Cartan-Leray spectral sequence (5.9.1) using 5.8 and 5.12.
